) Project Repository

When Does a Random-Scale Flight Path
Look Lognormal?
A spherical bridge note from OpenSKky trajectories
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Abstract

An hour of globally sampled aircraft positions produces a tempting picture: RMS departures from
endpoint great-circle arcs are positive, strongly right-skewed, and superficially lognormal. We turn that visual
hypothesis into a geometric model. Each deviation is factored as D = AQ, where A sets route scale and Q is
the RMS shape of an endpoint-pinned bridge. We prove that an independent lognormal scale suppresses
the non-Gaussian cumulants of log Q at explicit rates and give a Wasserstein convergence criterion. For a
Brownian bridge, the criterion yields a concrete threshold. Yet the observed log-skewness and kurtosis sharply
contradict the resulting single-population prediction. The same theorem that explains a lognormal-looking
center therefore diagnoses a distinct near-geodesic boundary population, and a sequential small-ball test
estimates when that assignment becomes visible in time. The result is not a universal lognormal law, but a
route from visual regularity to a falsifiable mixture model and a time-to-diagnosis statistic.

A visual regularity with a geometric question

The OpenSky Network makes large-scale ADS-B trajectory research possible [1]. We sampled 60 one-minute
global state snapshots, retained aircraft with all 60 positions, required at least 25 km between endpoints, and
removed any track with a one-minute jump above 30 km. The final cohort contains 1,780 tracks. These
positions are receiver-dependent observations, not a complete census of global aviation.

For aircraft i, write x; () € S%e for its position on the spherical Earth at normalized time ¢ € [0, 1]. The direct
reference is the minor endpoint geodesic, a standard spherical construction in directional statistics [2],

2i(s) = Exp,. (o) (sLogxi(o) xi(l)), se[o,1]. (1

Here s is dimensionless progress, and g; (s) is a position rather than a distance. If d s2 is spherical distance in
kilometres, define cross-track displacement and its sampled RMS by
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The median D; is 16.7 km and the mean is 22.7 km. Figure 1 shows why a lognormal model is initially
plausible and why that impression is incomplete.

Classical lognormal modeling begins with log(D/dg) ~ N(u, o) for reference distance dy = 1 km [3]. That
describes a shape but supplies no route geometry. We instead ask: what mechanism makes a spherical path
statistic look lognormal, what would falsify it, and how long must one watch before the falsifying boundary
component is recognizable?


https://github.com/jonland82/aerostat
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Figure 1: RMS spherical deviation for the quality-filtered cohort. Left: the application histogram, truncated visually at
the 99th percentile while retaining tail observations in the end bin. Right: the 1,776 positive values in log space with a
moment-matched Gaussian. The broad center looks compatible with lognormality, but the long lower tail does not.

Narrative arc.

e A direct reference. Aircraft rarely follow the shortest spherical path between observed endpoints, so the endpoint

geodesic is a reference rather than an operational route.

Scale and shape. Each RMS deviation is written as D = AQ: A sets overall magnitude, while Q captures

standardized endpoint-pinned shape.

e The smoothing prediction. Broad variation in A should suppress the skewness and kurtosis contributed by Q,
making the Brownian product nearly Gaussian in log space.

e The boundary population. The observed log-skewness is —2.40, with 53 tracks at or below 0.1 km RMS deviation
forming a distinct lower-tail boundary.

* Sequential diagnosis. After the mixture is forced, prefix residuals and Wasserstein gaps ask how long one must
watch before assigning a single aircraft to that boundary component.

Scale, shape, and the bridge factor

Factor the observed departure into a kilometre-valued scale and a dimensionless shape,
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ni(t) = AiZ; (1), D; = A;0;, 0;= [‘/0 Zi(1)? dl] , (3)

where Z;(0) = Z;(1) = 0. Intuitively, A; asks how large the route departure is, while Z; asks what shape it
takes between fixed endpoints. Across a population, independent densities f4 and f induce the product law

fo(d) = /0 " fad/a) folq) %‘] 4

The Jacobian 1/gq is the signature of multiplicative rather than additive mixing. A single lognormal is therefore
not the starting mechanism; it is a possible approximation to this geometry-driven product.

When the product becomes lognormal

Set Uy = log(A¢/dy) and Vy = log Q, for a sequence of scale-shape populations. The index ¢ labels increasing
scale dominance, not time or aircraft.

Theorem 1 (Lognormal smoothing). Suppose Uy ~ N(ug, o-?) is independent of Vy, with m¢ = EVy and
72 = Var(V;) < 0. Define
_log(De/do) — (e +me)
We = .
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If‘r?/((rg + T?) — 0, then Wy = N(O0, 1). More precisely, for G¢ ~ N(me, ‘r?),
dw,(Ve, Ge)
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where dw, is quadratic Wasserstein distance [4].

Proof. Replace V, by its Gaussian moment match G,. Then Uy + G is exactly Gaussian with the displayed
centering and variance. Convolution with the same independent U, contracts W,. Finally, independent
coupling gives dw, (Ve, G¢) < V21, so the stated variance ratio forces convergence. O

The theorem formalizes a simple picture: if fleet-to-fleet variation in route scale is broad enough, it blurs the

finer distributional signature of route shape.

Proposition 1 (Exact cumulant attenuation). For one fixed population, let p = Té /(% + Té), where
= Var(log(A/dy)) and ‘ré = Var(log Q). For every r > 3,

kr(log Q)

k(W)= —————.
(W) (o2 +12)P

Consequently,
Skew (W) = Skew(log Q)p3/2, ExKurt(W) = ExKurt(log Q)p>.

Proof. Independent cumulants add, and a Gaussian has no cumulants above order two. Standardizing by the
total log-variance gives the first identity; writing the third and fourth cumulants in standardized form gives the
second line. O

These identities turn “approximately lognormal” into a checkable statement: shape-induced skewness decays
as p>/2 and excess kurtosis as p?.

The Brownian benchmark and its failure

A standard Brownian bridge is the simplest endpoint-pinned random shape. Its Karhunen—Lo¢ve expansion
and RMS functional are
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with independent &, ~ N(0,1). This is the classical quadratic Brownian—bridge functional underlying
Cramér—von Mises theory [5]; its Laplace transform is

12

V21

Ee ' =[——_| ., a1>0. (©6)
sinh V24

A two-million-draw, 500-mode numerical evaluation gives
SD(log Q) =~ 0.385, Skew(log Q) ~ 0.178, ExKurt(log Q) ~ —0.348.

Substitution in the proposition yields a concrete conclusion: o4 = 0.50 pushes both surviving standardized
cumulants below 0.05 in magnitude. A moderately broad lognormal scale should therefore make this Brownian
product look very nearly lognormal.

The observed cohort supplies a sharp diagnostic. Among the 1,776 positive D; values,
SD(log(D/dy)) = 1.465, Skew = —-2.40, ExKurt = 8.11.

Variance matching under the independent Brownian model implies 04 ~ 1.413. At that scale spread, the
proposition predicts skewness about 0.003 and excess kurtosis about —0.002—essentially Gaussian in log
space. The data are nowhere close. The mismatch is driven by a near-geodesic boundary: 53 tracks have
recorded RMS deviation at or below 0.1 km.



From an attractive fit to a useful rejection

The mathematical arc reverses the usual modeling order. We did not choose a flexible mixture merely because
a histogram fit was imperfect. Geometry first proposed D = AQ; the smoothing theorem then showed that the
Brownian single-regime model should be more Gaussian in log space than the data; only then did a mixture
become necessary.

A natural next model is the finite mixture form [6]

C C
fold) =mofo(d)+ Y mefp(d] ), 720, Y m=1, @)
c=1 c=0

where fj represents the near-geodesic boundary and the continuous components represent distinct route-shape
or flight-phase regimes. The current hour cannot identify all such classes, and endpoint geodesics are geometric
counterfactuals rather than operationally feasible routes. Those limitations are substantive. Still, the note
establishes a clean diagnostic principle: broad lognormal scaling can hide ordinary bridge-shape nonnormality,
so a large residual departure is evidence for heterogeneity, dependence, or a boundary mechanism—not merely
a slightly misspecified bridge.

Sequential diagnosis of the boundary population

Once the boundary component has been detected at the cohort level, the next question is individual and
temporal: how long must one watch a trajectory before assigning it to that component? Let C = 0 denote the
near-geodesic boundary population and C = 1 the ordinary bridge population. For the first n samples define
the prefix residual

1 n
R= Y0 Fa=coln).nm). ®
j=1

For a fixed tolerance 7, persistent small residuals are informative only when they are rare under the ordinary
component.

Theorem 2 (Sequential small-ball diagnosis). Let 1y = P(C = 0). Suppose that, for some T > 0,
Pi(Ry<t)<e ™™ and  Po(R, <7)>1-p.

Then
”0(1 - ﬁn)
7o(1 = B,) + (1 = mp)e (D)’

In particular, posterior confidence 1 — « is reached once

P(C=0|R,<7)2>

log((1 = 7o) /mo) +log((1 — a)/a)
n >z
- I(7)

up to the boundary miss term [3,,.
Proof. Bayes’ rule gives

moPo(Ry < 7)
7woPo(Ry < 7) + (1 = m0)P1(R, < 7)°

P(C=0|R,<1)=

The two displayed assumptions give the bound. Solving the same inequality for n gives the stated waiting-time
scale. O

This is the time-series version of the mixture conclusion: not every straight-looking prefix is diagnostic, but
persistent near-zero residual energy becomes decisive once ordinary bridges have too little small-ball mass left.

The same idea can be expressed in the transport language already used in the smoothing theorem. Let
Y, =log(R,/dy), and let Py ,, and P, be the laws of Y, under the boundary and ordinary components. Define

Ay = WZ(PO,n’ Pl,n)~
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Figure 2: Sequential boundary diagnostics using the final endpoint geodesic as the reference. Left: empirical posterior
confidence and boundary recall for the event R,, < 0.1 km. The prior boundary mass is 53/1780, so early small residuals
are not enough; confidence becomes high only after persistence. Right: the empirical Wasserstein gap between the
log-prefix RMS laws of the boundary and ordinary components, plotted against a bootstrap uncertainty floor.

A conservative critical time is
Tw =inf{n : Ay, > ron(@) + 1 n(a) + m},

where r. (@) are sampling radii and m is a chosen margin. For one observed aircraft with value y,, the
point-to-law score
Sn(yn) = W3 (8y,. Prn) = W3 (0y,. Po.n)

is positive when the observation is closer to the boundary law than to the ordinary law. Thus the practical
stopping rule combines individual posterior evidence with population separation:

T. = max{Tpost, Tw }, Tpost =inf{n :P(C=0|F,) >1-a}.

In the present hour, with 7 = 0.1 km and 7y = 53/1780, the final-endpoint diagnostic crosses high posterior
confidence after roughly forty-one elapsed minutes. The online problem without the final endpoint is harder,
because many ordinary trajectories are locally straight; that distinction is exactly what the waiting-time theorem
is meant to expose.
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