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In the companion note A Fourier-Domain Analysis of BHEX
for Photon-Ring Inference [1], the visibility data are modeled
as

y=age+q+te,

where gy is a photon-ring visibility family, g is structured
nuisance, and ¢ is noise. The main conclusion there is con-
ceptual and useful: the long-baseline amplitude heuristic can
lose readability before the ring loses recoverability under a
structured inverse-problem formulation [1].

The next natural question is whether the nuisance term can
be constrained more sharply by physics. The purpose of this
note is to show that the answer is yes: if one lifts the model
from visibility space back to photon initial-condition space and
keeps track of geodesic provenance, then the relevant ring-
background coherence admits an explicit upper bound in terms
of the cross-correlation of escaping geodesic families. This
turns the sharpening from a structural remark into a quantitative
theorem, still in the spirit of the BHEX long-baseline program
[2, 3, 4].

1 Original formalism and provenance lift
The original abstraction is
y=ago +q+t+e,

with the nuisance treated as an abstract structured class. To
refine this, let

z=(p,¢)

denote a photon initial condition, where p is an emission event
and ¢ is an initial null direction. Write y, for the associated
null geodesic and split phase space into

E = {z: y, escapes}, C = {z: vy, is captured}.

Only E contributes to the observed data. If f is an emission
density over initial conditions, then the observed image can be
written schematically as

I =Tgf,

where Tg pushes escaping photons to the image plane, and the
measured visibility is

y= ?(TEf) +e.
Now split the escaping set into two provenance classes,

E = Ering U Ebg:

where Eyi,g consists of near-critical escaping geodesics that
generate the photon-ring signal, and Ey, contains the remaining
escaping geodesics. Then

Tef = Teu, S + TEy J-

Defining
he :=Tg,,, fo, b:=Tg,f,
gives
I =ahg+b, y=agg+q+e,
with
8o = 7‘713, q = Fb.

The functional form of the inverse problem is unchanged, but
the nuisance class is no longer arbitrary: it is generated by
ordinary escaping geodesics.

2 Operator setup and provenance-constrained
coherence
Let Z be photon initial-condition space equipped with a mea-

sure v, and let H be the visibility Hilbert space. Define two
bounded linear operators

Ar = TTE

ring ?

Ap = TTEbg’

so that ring-generated and background-generated visibilities
are of the form A, f and A h, respectively.

Fix an admissible class (A of background emission densities
and let the provenance-constrained nuisance family be

Oprov := {Aph : h € A, Aph # 0}.
For a ring template g € H, define the family coherence

sup {8, @) '
a<0m 1€ 114l

u(g, Qprov) =

When g = A, fy, this is the physically relevant ring-background
overlap.

Theorem (Provenance-based coherence bound). Assume
there exist constants o, 0, > 0 such that

IA-fIl 2 o I F1I,

for all admissible ring coefficients f and background coefficients
heA. Letg =A,fg. Then

1Aphll = oAl

1A, Al

u(g, Qprov) <
Or0p



Moreover, if A, and A, admit a visibility kernel K (u, z) and
one defines the cross-Gram kernel

G(Z7 Z,) = <K(7 Z)7 K(? Zl))‘?‘[a

wll.
0r0b \JE,

Proof. Let g = Aph € Qprov. Then

then
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(g, )| = [(Ar fo. Aph)|
= (A} Ar fo. )
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By the lower bounds,

gl =1lArfoll = ovlifoll,  ligll = [[Aphll = op|IAll.

Hence .
AL A

Or0p

(g, q)| <
ligll Mgl

Taking the supremum over g € Qprov proves the first claim. The
second follows from the Hilbert-Schmidt bound

1AL AR < 1A, Arllus

= (‘/Ejring</f;bg |G (z, Z’)|2dv(z) dv(z)
O

This is the new mathematical content. The coherence term
that controlled the mismatch bound in the original note [1] is
now itself controlled by a cross-correlation quantity on photon
initial-condition space.
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3 A geometric separation corollary

The preceding theorem becomes more informative if the two

escaping families are separated by a geometric criticality index.

Let x(z) be any scalar measure of ring-likeness along an
escaping geodesic, for example a winding count surrogate,
a residence-time proxy near the photon region, or another
criticality parameter.
Assume there exists a threshold 7 and a gap A > 0 such that
x(z2) 21 forz € Eipg, x(Z)<t—A forz € Epg.

Assume also that the cross-Gram kernel decays with criticality
separation in the sense that

|G(z,7)| < MeBlx(2)-x(2)]

for some M, 8 > 0.
Corollary (Exponential coherence decay under geodesic

separation). Under the preceding assumptions,

e B
orTb @

Y, V(Ering) V(Ebg) .

Proof. The separation assumption implies

u(g, Qprov) <

|X(Z) _X(Z/)| >A forze Erings 7€ Ebgv
so the kernel bound gives
|G(z,2))| < Me P~

Substituting into the Hilbert-Schmidt estimate of the theorem
yields

172
(/ / |G(z,2) > dv(2) dv(z')) < Me™PA
Ering Ebg

) \[V(Ering) V(Ebg),
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which proves the claim. m}

This is a stronger statement than monotonicity under subset

restriction. It says that if ring-generating escape and ordinary

escape are geometrically separated, then the Fourier-domain

coherence decays quantitatively. The sharper bound comes

from phase-space geometry, not merely from saying that the
nuisance class is smaller.

4 Sharpening the original mismatch and recov-
erability story

In the companion note [1], the heuristic-versus-structured
mismatch is controlled by a term of the form

lipll

u(g, P)
llgll

plus noise. The new theorem suggests replacing an abstract
nuisance overlap by an explicit provenance bound:

llgl _ 14541 gl

,U(g, QProv) = . 4
llgll oop gl
and, under geodesic separation,
M _
u(g, Qprov)M < ——e AA
llgll = orow
g ©
: V(Ering) V(Ebg)m~

So the old mismatch story becomes sharper in a specific way:
the bias term is small whenever near-critical escaping flow and
ordinary escaping flow are sufficiently decorrelated.

The recoverability proposition from the original note re-
mains conceptually the same, but its nuisance class is now
physically constrained. The point is not simply that captured
photons do not appear in the data. The more important fact



is that the observable nuisance must come from ordinary es-
caping geodesics, and that restriction can now be turned into a
quantitative visibility-space overlap bound.

5 Physical interpretation and relation to BHEX

The BHEX idea is to use sufficiently long baselines to isolate
the universal photon-ring signal from more complicated astro-
physical emission [2, 3]. The companion note [1] recasts that
idea as a Fourier-domain structured source-separation problem.
The present note pushes one step further: it identifies a route by
which the relevant ring-background coherence might actually
be estimated from geodesic geometry.

In practical terms, the theorem says that the Fourier-domain
nuisance is controlled by how strongly the ring-generating
escaping family and the background escaping family correlate
after transport to visibility space. If those families are dy-
namically distinct, then structured separation has a principled
advantage beyond a vague “smaller nuisance” story.

This remains an abstract framework. To turn it into an
astrophysical forecast, one would need to specify admissible
emission classes, choose a concrete criticality index, and es-
timate the cross-Gram kernel from ray tracing or simulation.
But that is exactly the kind of bridge from abstract mathematics
to physically informed BHEX-style inference that the original
note pointed toward [1, 3, 4].

6 Key interesting points

* This note keeps the same Fourier-domain inverse-problem
skeleton as the companion note, but lifts the nuisance model
back to photon initial-condition space.

* The key new theorem bounds the ring-background coherence
by |[A; A |l/(or0p), and then by a cross-Gram integral over
escaping geodesic families.

* Under a geometric separation hypothesis in a criticality
index, the coherence decays exponentially in the separation
gap A.

* This is stronger than saying the nuisance class is merely
smaller; it gives a concrete mechanism by which provenance
can sharpen the mismatch term in the original note.

e The new note therefore earns independence only to the
extent that coherence itself is now bounded by phase-space
geometry rather than treated as an abstract parameter.
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