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Abstract

Galaxy rotation curves define a noisy inverse problem: the
baryonic mass model predicts one acceleration field, while
the observed dynamics imply another. This paper asks
whether the leftover field after fitting a physical baseline
is compressible across galaxies. We introduce a masked,
smooth, nonnegative dictionary-learning diagnostic for
SPARC rotation-curve residuals. For each galaxy we
compute the baryon-subtracted acceleration residual and
the residual-of-residual left after fitting NFW to the outer
region; a two-channel lift represents signed residual fields
with nonnegative coefficients. A theorem shows that,
under an idealized baseline-projection model, residual-
of-residual learning removes arbitrary baseline variation
while preserving latent misspecification modes. On 131
primary-quality SPARC galaxies, a rank-six dictionary
reduces held-out radial profile error from 0.543 to 0.098 for
positive acceleration residuals and from 1.075 to 0.168 for
signed NFW residual-of-residuals. The first three signed
modes are bootstrap-stable, and learned coefficients align
with an independent central-overshoot diagnostic. These
results do not decide between dark matter and modified
gravity. They show that population residual modes are
learnable model-criticism objects for the missing-mass
inverse problem.

1. Introduction

Flat galaxy rotation curves have long indicated that the
geometry inferred from dynamics is not the geometry
predicted from observed baryons alone [1, 2]. The usual
next step is to choose a physical source family and fit it.
The dominant explanation is a non-baryonic dark compo-
nent whose halos are often modeled with the NFW profile
motivated by cold-dark-matter simulations [3, 4]. How-
ever, disk-galaxy mass modeling also exhibits persistent
small-scale structure: cored profiles often fit individual
galaxies well [5, 6], observed dwarf rotation curves are
more diverse than many baseline simulations predict [7, 8],
and the empirical coupling between baryonic and dynam-
ical acceleration is striking [9, 10]. Recent weak-lensing
analyses have further extended the empirical reach of flat
circular velocities [11]. These facts do not imply that a
simple alternative to cold dark matter is correct. They
do imply that repeated rotation-curve residuals should be
treated as structured data, not merely nuisance errors.

This paper treats the problem as a physics-constrained

inverse problem [12]. Let

∆g(R) =
V 2
obs(R)− V 2

bar(R)

R
(1)

be the weak-field acceleration residual. A named source
model supplies a candidate residual ∆gθ(R); the object
studied here is the leftover field

ϵg(R) = ∆g(R)−∆gθ(R). (2)

This is a residual-of-residual: the part of the inferred
geometry not accounted for by the chosen baseline source.
The logic is conservative: fit a physical baseline, remove
it, and learn the recurring structure that remains. In
that sense ϵg is a model-criticism object [13], not a direct
theory selector.

The distinction matters empirically in the SPARC sample
studied below. Before learning, the same residual pipeline
finds that cored/isothermal residual profiles beat NFW
for 80.2% of primary-quality galaxies, and outer-NFW fits
leave central overshoot in 51.9%. These quantities are not
training labels. They are held back as independent diag-
nostics for asking whether learned population coordinates
recover recognizable residual structure.

The geometric point is that ∆g is not just a scalar error bar
or a goodness-of-fit residual. In the weak-field limit it is
the radial derivative of an inferred potential perturbation,
∆g = dδΦ/dR. Thus a coherent pattern in ϵg is a coherent
leftover field after a named source model has already been
given the opportunity to explain the outer rotation curve.
The learning problem is to ask whether those leftover
fields share a low-dimensional population structure before
assigning them a physical cause.

Proposition 1 (Flat-tail residual geometry). On a radial
interval where the excess circular speed is approximately
flat,

V 2
obs(R)− V 2

bar(R) = v2f , (3)

the residual acceleration, weak-field potential perturbation,
and spherical effective-density proxy are

∆g(R) =
v2f
R

, (4)

δΦ(R) = v2f log(R/R0) + C, (5)

ρeff(R) =
v2f

4πGR2
. (6)

Proof. The circular-speed relation gives

∆g(R) =
V 2
obs(R)− V 2

bar(R)

R
=

v2f
R

. (7)

1

https://orcid.org/0000-0003-1872-6179
https://orcid.org/0000-0003-1872-6179


Because

∆g(R) =
dδΦ

dR
, (8)

integration gives the logarithmic potential. For the spher-
ical proxy,

Meff(< R) =
R2∆g(R)

G
=

v2fR

G
, (9)

and therefore

4πR2ρeff(R) =
dMeff

dR
=

v2f
G

. (10)

This elementary proposition is useful because it explains
why outer rotation curves are a hard baseline test. A
profile family can match a flat tail by approximating a log-
arithmic residual over a finite radial band, yet still imply
the wrong inner residual when extrapolated inward. The
experiment below uses that failure mode as a measurable
diagnostic rather than as a final physical verdict.

The machine-learning analogy is source disaggregation.
In non-intrusive load monitoring, an aggregate power
trace is decomposed into latent appliance contributions
[14, 15]. Here the aggregate is an irregular radial field,
and the latent components are geometric mismatch modes.
Because the profiles are sparse, uncertain, signed, and
expected to be smooth, we use dictionary learning and
nonnegative matrix factorization (NMF) [16–18], not a
temporal appliance model.

Contributions:

1. We formulate population residual learning for galaxy
rotation curves as a masked, smooth, nonnegative dic-
tionary problem on a normalized radial grid.

2. We introduce a signed two-channel lift for residual-of-
residual fields.

3. We prove a baseline-projection theorem explaining why
learning residual-of-residuals can isolate misspecifica-
tion modes hidden by baseline variation.

4. We run the method on public SPARC residuals [19],
compare learned modes with named templates, and
bootstrap mode stability.

2. Closest Literature

The closest astrophysical literature is the part of halo fit-
ting concerned with repeated residual morphology. NFW
halos provide a simulation-motivated baseline [3, 4], while
cored profiles and observed dwarf-galaxy diversity expose
coherent departures from simple cuspy fits [5–7]. The
radial acceleration relation and MOND phenomenology
emphasize the empirical coupling between baryonic and
dynamical accelerations [9, 10, 20]. Our experiment does
not replace these theories with a learned black box. It
uses learning to summarize the field that remains after
one named baseline has been fit.

The closest statistical literature is inverse-problem model
criticism. Rotation curves do not directly observe a source

density; they observe a dynamical field from which source
models are inferred under assumptions about geometry,
stellar mass-to-light ratios, distance, inclination, and pri-
ors. Inverse-problem theory separates the forward opera-
tor from the data-misfit object [12]. Posterior predictive
checking similarly treats structured discrepancies as scien-
tific evidence about model inadequacy [13]. The residual-
of-residual ϵg is a frequentist, profile-level discrepancy
designed for this purpose.

The closest machine-learning literature is additive repre-
sentation learning. NILM decomposes an aggregate power
trace into appliance-level components [14, 15]. Sparse
coding and dictionary learning decompose signals into
reusable atoms [17, 18, 21]; NMF adds nonnegativity and
parts-based interpretability [16]. The difference here is
the observation geometry: the “aggregate” is an irregular
radial residual profile, and the components are population-
level mismatch modes rather than appliances.

3. Residual Learning Setup

3.1. Residual profiles

SPARC provides rotation curves and baryonic velocity
components for 175 disk galaxies [19]. We use fixed stellar
mass-to-light ratios Υdisk = 0.5 and Υbulge = 0.7, follow-
ing common SPARC exploratory practice, and compute

V 2
bar = sign(Vgas)V

2
gas +ΥdiskV

2
disk +ΥbulgeV

2
bulge. (11)

For each usable galaxy we fit NFW, cored/isothermal,
and logarithmic-tail residual families. The dictionary ex-
periment uses the NFW fit restricted to the outer radial
region as the baseline. This is the central stress test: if
an NFW source is forced to match the flat outer residual,
does it leave coherent inner structure behind? This com-
plements Bayesian SPARC halo catalogs that fit complete
halo families under priors [22].

Profiles are placed on a common grid x = R/Rd, where Rd

is the SPARC disk scale length. Each galaxy is normalized
by the root-mean-square of its observed residual so that
the dictionary learns shape rather than halo scale. Let
X ∈ Rn×m denote the nonnegative matrix for max(∆g, 0)
and let E ∈ Rn×m denote the signed residual-of-residual
matrix. Missing entries arise because galaxies cover dif-
ferent radial ranges; a mask M identifies observed grid
entries.

3.2. Dictionary objectives

For positive residuals we fit

min
A,Φ≥0

∑
ij

Mijwij (Xij − (AΦ)ij)
2
+ λ

∑
k

∥∇2
xϕk∥22, (12)

with A ∈ Rn×K
+ and Φ ∈ RK×m

+ . For signed residuals, we
use the two-channel lift

E = E+ − E−, E± ≥ 0, (13)

and learn a nonnegative dictionary on [E+, E−]. The
decoded signed mode is ϕk = ϕ+

k − ϕ−
k . This preserves
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additive, nonnegative galaxy coefficients while allowing
each learned mode to have positive and negative radial
structure.

Ranks K = 1, . . . , 6 are scored by holding out 15% of
observed radial grid entries per split. Rank zero is the
population-mean baseline. Bootstrap stability is measured
by resampling galaxies, refitting the selected dictionary,
and matching learned modes to the reference modes by
absolute profile correlation.

3.3. Optimization protocol

The masked objective is optimized by multiplicative NMF-
style updates with small denominators clipped for numer-
ical stability. With Hadamard product ⊙ and weight
matrix W , the positive-residual update has the form

A← A⊙ (M ⊙W ⊙X)Φ⊤

(M ⊙W ⊙AΦ)Φ⊤ + ε
, (14)

Φ← Φ⊙ A⊤(M ⊙W ⊙X)

A⊤(M ⊙W ⊙AΦ) + ε
. (15)

The signed experiment applies the same updates to the
lifted matrix [E+, E−]. After each fit, mode profiles are
smoothed by a second-difference penalty, normalized, and
paired with rescaled galaxy coefficients. Each rank is fit
from multiple random initializations; the seed with lowest
masked training loss is used for held-out scoring. Boot-
strap refits repeat the full selection and mode-matching
procedure, so stability reflects both sample variation and
optimizer variation.

4. Why Learn Residual-of-Residuals?

The following idealization isolates the statistical reason
for subtracting the baseline before learning. If baseline
variation is large, raw residual learning can spend its
capacity on the fitted family itself rather than on the
structure that the family missed.

Theorem 1 (Baseline-projected residual mode identi-
fiability). Let H be a finite-dimensional residual-profile
space, let B ⊂ H be a linear baseline subspace, and let ΠB
be the orthogonal projection. For each galaxy, write

xi = bi + si + ηi, bi ∈ B, si ∈ B⊥, (16)

where bi is baseline variation, si is latent misspecification,
and ηi is noise. Define

ei = (I −ΠB)xi. (17)

Then:

1. Projection removes the baseline:

ei = si + (I −ΠB)ηi. (18)

2. If ηi = 0 and the misspecification has a conic dictionary

si =

K∑
k=1

aikϕk, aik ≥ 0, ϕk ∈ B⊥, (19)

then the residual-of-residual has the same dictionary:

ei =

K∑
k=1

aikϕk. (20)

3. In centered noiseless data, with row matrices X =
B + S,

E = (I −ΠB)X = S, range(E⊤E) = span{si}.
(21)

The raw covariance after scaling bi 7→ cbi is

CX(c) = c2B⊤B + S⊤S. (22)

If

α = λ+
min(B

⊤B), β = λmax(S
⊤S), (23)

then the threshold

c2α > β (24)

makes every nonzero baseline eigenvalue exceed every
misspecification eigenvalue. As c→∞, the leading raw
eigenspace converges to the baseline data eigenspace
inside B.

Proof. Since ΠBbi = bi and ΠBsi = 0,

(I−ΠB)xi = (I−ΠB)(bi+si+ηi) = si+(I−ΠB)ηi, (25)

which proves the projection claim. The dictionary claim
follows by substituting the noiseless conic expansion for
si.

For the covariance claim, center the noiseless matrices
and write X = B + S with row spaces in B and B⊥.
Orthogonality gives

B⊤S = S⊤B = 0, (26)

so projection gives E = S and

X(c)⊤X(c) = c2B⊤B + S⊤S. (27)

This operator is block diagonal with respect to B ⊕ B⊥,
so its nonzero eigenvalues are the union of the baseline
and misspecification block eigenvalues. The condition
c2α > β orders all nonzero baseline directions ahead of
every misspecification direction. Letting c→∞ leaves the
leading raw eigenspace in B, whereas projected residual
learning has already removed B.

Remark 1. NFW fitting is nonlinear and constrained,
not an orthogonal projection. The theorem is not a claim
of exact astrophysical identifiability. It is a model criticism
principle: remove the fitted baseline first, then learn the
coherent structure that remains.
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Table 1: Dataset summary for the dictionary experiment.

Quantity Value

SPARC rotation-curve points 3391
Public SPARC galaxies 175
Dictionary-quality galaxies 131
Normalized radial grid points 72
Mean observed grid coverage 0.774
Central-overshoot fraction 0.519
Cored/isothermal beats NFW 0.802

Table 2: Held-out radial-point reconstruction. Rank zero
is the population mean; K = 6 is the largest searched
rank and was selected by held-out error.

Target Baseline K = 6 Improvement

max(∆g, 0) 0.543 0.098 5.5×
ϵg signed 1.075 0.168 6.4×

5. Experiment

5.1. Data and preprocessing

The experiment uses residual profiles generated by the
SPARC residual-of-residual pipeline. The mass-model
table contains 3391 rotation-curve points for 175 galaxies.
We use the primary-quality subset: SPARC quality flag
1 or 2, at least eight points, and inclination above 30◦

when available. After requiring finite disk scale length
and enough normalized-radius coverage, the dictionary
dataset contains 131 galaxies.

The common grid has 72 log-spaced points over 0.25 ≤
R/Rd ≤ 8.0, with mean per-galaxy coverage 0.774. The
same sample has a central-overshoot fraction of 0.519
under the independent NFW residual-of-residual diagnos-
tic and a cored/isothermal-beats-NFW fraction of 0.802.
These values match the earlier residual diagnostic and
provide labels for post hoc interpretation only; they are
not used to train the dictionary. Figure 1 shows the in-
dependent inner-gap diagnostic that supplies the central-
overshoot label used below.

5.2. Evaluation

For each rank, five random radial holdout splits are used.
The score reported below is normalized profile RMSE
on held-out entries after decoding signed two-channel
predictions. We also report bootstrap mode stability: 40
bootstrap resamples of galaxies are refit, and modes are
matched by absolute correlation. Template correlations
compare learned modes with simple NFW-like, cored,
central, outer-tail, and overshoot templates.

6. Results

Table 2 gives the main compression result. The learned
dictionary substantially outperforms the population-mean
baseline for both positive residual profiles and signed
NFW residual-of-residual profiles. The model-selection
curve in Fig. 2 decreases monotonically through K = 6,
so the experiment demonstrates compressible population

Table 3: Mode-level interpretation for the signed residual-
of-residual dictionary. Correlations are post hoc diagnos-
tics, not training labels.

Mode Main empirical association Value

1 Negative inner overshoot template 0.869
2 Sign-reversed overshoot template 0.936
3 Negative inner overshoot template 0.877
4 Central-overshoot flag 0.413
4 Normalized inner gap −0.592
6 Central-overshoot flag −0.371

Table 4: Bootstrap stability of selected signed residual-of-
residual modes. Values are median absolute correlations to
matched reference modes, with 10th and 90th percentiles
in parentheses.

Mode Median 10th pct. 90th pct.

1 0.997 0.967 1.000
2 0.967 0.838 0.996
3 0.976 0.919 0.997
4 0.846 0.593 0.987
5 0.684 0.579 0.858
6 0.890 0.626 0.949

structure rather than a sharp intrinsic rank. The selected
rank should therefore be read as a useful search endpoint,
not as a claim that galaxy residuals have exactly six
physical components.

The learned modes in Fig. 3 make the compression result
interpretable. The positive-residual dictionary contains
central, broad-tail, and cored-like components. The signed
residual-of-residual dictionary contains several negative-
inner-overshoot modes: cases where the NFW source
required by the outer residual overpredicts the inner resid-
ual. Template matching confirms this: signed modes 1
and 3 correlate with a negative-inner-overshoot template
at 0.869 and 0.877, while mode 2 matches the opposite
sign of the same template with absolute correlation 0.936.

The first three signed modes are highly stable under galaxy
bootstrap (Table 4); later modes are useful for reconstruc-
tion but less robust. Figure 4 shows the same stability
pattern as matched correlation distributions. This sug-
gests a conservative interpretation: the population has at
least a few stable residual-of-residual modes, while higher-
rank components should be treated as descriptive rather
than discovery-level evidence.

The last check is whether the learned coordinates relate to
diagnostics that were not used in fitting. For the signed
residual-of-residual dictionary, coefficient 4 has correlation
0.413 with the binary central-overshoot flag and corre-
lation −0.592 with the continuous normalized inner-gap
statistic. Coefficient 6 has the opposite association with
the overshoot flag (correlation−0.371). These associations
are not used in training; they indicate that the learned
coordinates recover part of the same structured failure
mode found by direct NFW residual analysis. Figure 5
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Figure 1: Independent NFW residual-of-residual diagnostic for the primary-quality SPARC sample. Left: distribution
of the normalized mean inner gap after NFW has been fit to the outer region. Right: the same diagnostic versus
SPARC flat velocity. The red dashed threshold is used only for post hoc interpretation of learned dictionary coefficients.

Figure 2: Held-out radial-point reconstruction as a func-
tion of dictionary rank. Both targets improve through
the largest searched rank, indicating compressible residual
structure without a clear elbow.

visualizes this learned coefficient space.

7. Discussion

The contribution is statistical model criticism. It does not
show that NFW is wrong as a cosmological model, nor does
it adjudicate between particle dark matter and modified
dynamics. The experiment uses fixed mass-to-light ratios,
simplified residual-space fits, no concentration prior, no
baryonic feedback model, and no marginalization over
distance or inclination. A full halo inference would require
a richer likelihood and priors comparable to published
SPARC halo catalogs [22].

The learning extension is therefore deliberately modest:
learn the population structure of the discrepancy, not the
final source model. This keeps the statistical task aligned
with the inverse problem. If a mode is unstable, it is
probably a nuisance or a sample artifact. If a mode is
stable, appears in held-out radial entries, and correlates
with independent residual diagnostics, then it becomes a
concrete target for physical modeling. A simulator, field-

equation surrogate, or baryonic-systematics model can be
asked to generate that mode rather than to explain every
galaxy from scratch.

This framing also gives clear failure conditions. The result
would be weak if held-out reconstruction were close to
the population mean, if bootstrap modes could not be
matched across resamples, or if learned coefficients were
orthogonal to all independent residual diagnostics. The
present experiment passes those checks for the leading
signed modes but not uniformly for every rank-six compo-
nent. That is why the claim is deliberately about stable
population residual structure, not about a discovered six-
component law of galaxy dynamics.

The positive claim is that the residual left after fitting
a physical baseline has learnable population structure.
This is useful for three reasons. First, it provides a low-
dimensional language for residual morphology, analogous
to dictionary learning in signal processing [17, 21]. Second,
it separates baseline fit quality from repeated misspecifi-
cation patterns, in the spirit of posterior predictive checks
and realized discrepancies [13]. Third, it supplies a bridge
to more ambitious scientific machine-learning approaches:
simulation-based inference could learn which physical gen-
erators produce the observed residual modes [23], while
physics-informed models could add differentiable field-
equation constraints [24].

The strongest near-term extension is held-out-galaxy val-
idation. The present held-out radial-point score tests
whether profiles are compressible after some entries are
observed. A harder test is to predict the residual morphol-
ogy of an entire unseen galaxy from baryonic covariates,
environment, or partial radial coverage. Another nec-
essary extension is uncertainty propagation over stellar
mass-to-light ratios, distances, inclinations, and NFW
concentration priors. If the stable signed modes persist
under those perturbations, they become a specific target
for physical explanation.
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Figure 3: Learned population modes. Left: positive observed acceleration residual modes. Right: signed residual-of-
residual modes after fitting NFW to the outer region. The signed modes are the more diagnostic object because they
describe what remains after a physical baseline has been forced to match the outer residual.

Figure 4: Bootstrap distribution of matched signed-mode
correlations. The first three modes are stable across galaxy
resamples; the later modes have larger sample sensitivity.

8. Conclusion

Learning geometric residuals across SPARC galaxies
turns a familiar rotation-curve inverse problem into an
interpretable statistical learning problem. A masked,
smooth, nonnegative dictionary compresses both positive
observed acceleration residuals and signed NFW residual-
of-residuals. The signed dictionary is the central object: it
learns coherent leftover fields after a baseline NFW source
has been fit to the outer galaxy. The first signed modes
are bootstrap-stable, and learned coefficients align with
independent central-overshoot diagnostics. The resulting
machine-learning framing is simple: fit the physical base-
line, learn what remains, and use the learned residual
geometry to guide the next physical model.

Reproducibility. The experiment is implemented in
experiments/sparc residual dictionary/. It uses
public SPARC tables and the residual profiles generated
by the companion SPARC residual-of-residual pipeline,

Figure 5: Signed residual-of-residual coefficient space.
Points are galaxies; learned coordinates recover population
variation that aligns with independent central-overshoot
diagnostics even though those labels are withheld during
training.

then writes all figures, CSV outputs, and the Markdown
experiment report used by this paper.
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